Abstract-A nonlinear theory of the clinotron, which is a modification of the backward-wave oscillator (BWO), is presented. The problem of electron-wave interaction is treated in a self-consistent formulation. Theoretical results are presented on starting conditions, steady-state oscillations, and temperature regimes. Potentials of the clinotron for further upgrading of efficiency and output power are examined.
I. INTRODUCTION
T HE CLINOTRON has been proposed [1] as a modification of the conventional backward-wave oscillator (BWO) in order to eliminate the main drawbacks of the latter, like its low efficiency and low level of output power. The basic principle of the electron-wave interaction in the clinotron is similar to that in the BWO, but some essential modifications in the tube design have been introduced. The distinguishing features of the clinotron are the following. First, the electron beam is inclined to the surface of a grating as illustrated in Fig. 1 . By varying the tilt angle it is easy to optimize the length of the "effective" interaction space without changing the geometry of the tube. Second, the beam thickness is large compared to that in the conventional BWO. Now each layer of the beam can effectively interact with the field due to the inclination introduced. Third, the clinotron is usually built as a resonance device, i.e., there are no matching elements at the grating ends. Nevertheless, the electronic tuning of the operating frequency is large what is achieved by successively exciting the single resonator modes with beam voltage variation. These approaches have resulted in the development of a series of oscillators through the millimeter and submillimeter wavelength bands [1] . The output power level of these tubes is an order of magnitude larger than for conventional BWO's [2] , [3] while small physical dimensions, low weight, low operating voltage, and other advantages of BWO's have been retained. For example, in the frequency band 50-60 GHz the clinotron provides 10 W of output power, and in the frequency band 400-500 GHz the power amounts to following configuration parameters are used: a is the beam thickness; b is the beam width (not indicated); is the tilt angle; l is the grating period; d is the width of the grating grooves; is the width of the grating teeth; L is the length of the grating; D is the distance between the grating and the opposite wall; B is the cavity width (not indicated); P is the distance between the origins of the coordinate systems; 1 is the characteristic thickness of the field layer of the synchronous wave; and l chr is the characteristic interaction length.
100 mW. Manufacturing technology of both subcomponents and of the complete device is simple, resulting in low-cost tubes.
In spite of the attractive characteristics of the clinotron obtained in the experiments, they have not attracted much theoretical attention. Theoretical publications on record deal mainly with starting conditions or with properties of oscillatory circuits used in the clinotron [1] , [4] - [7] . In the meantime, there is a need for a nonlinear self-consistent theory, which can be used for a detailed study of the physics of the clinotron and for its optimization. In this paper, it is intended to contribute to the development of such a theory. The paper is organized as follows: Section II gives the physical description of the clinotron. Section III deals with the formulation of the mathematical model. In Section IV, conditions for selfexcitation of oscillations in the clinotron are obtained. Nonlinear and saturation effects are considered in Section V, while temperature regimes are discussed in Section VI. Section VII contains conclusions.
II. PHYSICAL DESCRIPTION OF THE CLINOTRON
A schematic representation of the general structure of the clinotron is shown in Fig. 1 together with the coordinate systems used and the definition of configuration parameters. The tube is composed of a sheet electron beam, which is 0018-9383/99$10.00 © 1999 IEEE inclined to the surface of a grating at an angle , propagating with an initial velocity . The grating is placed on a wall of a rectangular cavity with an output coupling waveguide. The beam is directed by a longitudinal static magnetic field.
In the clinotron, like in the conventional BWO, the electron beam interacts with a spatial harmonic whose phase velocity is close to the electron velocity. However, due to the beam inclination, the characteristic interaction length ( ) is determined by the tilt angle and by the characteristic thickness ( ) of the field layer of the synchronous wave concentrated near the grating surface. One can find from Fig. 1 that . When developing a mathematical model of the clinotron, the following assumptions, which are adequate to the operation conditions of the clinotron, can be accepted:
1) spatial field distribution in the presence of the beam is that of the "cold" cavity, and the mutual interaction of the resonator modes is negligible; 2) motion of the beam particles is one-dimensional and nonrelativistic; 3) relaxation time of the resonator field is large compared to the interaction time of the electrons with the field. The first assumption means that the field excited in the clinotron can be written as
Re
( 1) where spatial distribution of a resonator mode; complex amplitude; natural frequency of the mode; subscript set of mode indexes. In order to calculate the complex amplitude and other characteristics for various modes of clinotron operation, a selfconsistent mathematical model will be derived in the next section.
III. MATHEMATICAL MODEL

A. Cavity Field and Dispersion Equation
To write the field pattern of the cavity modes, we make use of the well-known expression for the field in a waveguide containing a grating [8] by taking into account the presence of perfectly reflecting walls at , . Neglecting the field variation in -direction, we arrive at the following expressions for nontrivial field components:
Here means amplitude of the th space harmonic, propagation constant, where is the mode index, is the grating period, and is the number of grating periods within the cavity. is the constant of propagation (attenuation) along theaxis with ( is the velocity of light), is the distance between the grating and the opposite wall, and is permittivity of free space.The field described by (2) represents a set of standing waves, each of which is a superposition of two harmonics with propagation constants of and , respectively. In practical clinotron tubes, the harmonic with propagation constant of is usually used as the working one, i.e., the initial beam velocity is close to the phase velocity of this harmonic. We denote the propagation constant of the synchronous harmonic by and the corresponding phase velocity by . In the case of the clinotron, all harmonics including that with decay in -direction, which means that only modes which satisfy , where , are excited in the cavity. The ratio of space harmonic amplitudes can be approximated by [8] (3)
Here , , and is the width of the grating grooves.
Expressions (2) and (3) have been obtained from the solution of the electromagnetic-boundary-value problem and thus the harmonic amplitudes are accurately determined except for common factor. Due to that one of the amplitudes, say , can be chosen arbitrarily (see below).
Natural frequencies of the cavity can be found from the dispersion equation [8] (4) where and is the depth of the grating grooves. In Fig. 2 , a dispersion curve found from the solution of this equation is shown as natural frequency versus phase velocity of the synchronous wave with mode index varying from 15 to 49. The parameter values are mm, mm, mm, mm, and mm. These values are typical for 3 mm-wave clinotrons. In this figure, experimental values are also shown [9] . A good agreement between theoretical and experimental results should be noted.
Under the assumption of a one-dimensional motion of the beam particles along the -axis of the coordinate system which is related with the beam (see Fig. 1 ), trajectories of the particles can be influenced by the field . Since in practice the tilt angle of the beam is small ( ), the last term in this sum can be neglected and can be replaced by unity. Let us look at the space distribution of the synchronous harmonic. Denoting its component by , we have in terms of the coordinate system related with the beam (5) where , ( is a new coordinate,
is the field distribution along a beam layer , ( is the beam thickness), and . It should be noted that in terms of the coordinate , each beam layer meets the grating at , and that the characteristic length of the interaction of the electrons with the field is . When deriving (5), we assumed that , which means that the resonator height is essentially larger than the characteristic thickness of the field layer of the synchronous harmonic, which is . We have also specified the amplitude by (7) where is the distance between the origins of the coordinate systems (see Fig. 1 ). By this we utilized that the value of one of the harmonic amplitudes can be chosen arbitrarily as was mentioned above.
B. Equation of Cavity Excitation
Returning to (1) we note, that the complex amplitude of the resonator field can be found from the equation of cavity excitation, which reads [10] (8)
where loaded -factor of the excited mode; mode norm with permeability of free space; resonator volume; volume occupied by the beam; first time-harmonic of the beam current density.
Considering (2)- (7) and the assumptions made, one can find the following expression for the norm:
This expression does not take the typically small portion of energy stored in the grating grooves into account. Provided that , , the terms with add little to the sum in (9) , which can be reduced to a simple formula if and
Here means resonator width in -direction. In order to transform (8) to an easy-to-use form, we invoke the charge conservation law for a beam layer, which is located at the interval [ , ] . Neglecting a possible reverse motion of electrons, this law can be written in the form , where means dc current of the layer and current through the layer cross section with the coordinate . Hereafter is considered as a function of both entrance time and distance . Next the field strength of the synchronous wave small at the beam entrance into the resonator (see Fig. 1 ) is considered to be negligible because this field is concentrated in the vicinity of the grating. Now taking into account (5)- (7), we transform (8) to the following form: (11) where normalized field amplitude; value of the beam accelerating voltage with and electron charge and mass, respectively; dimensionless time; gain parameter; dc beam current; averaging over the period of oscillations.
C. Motion Equation
To find an equation for the function , which describes the trajectories of the electrons, we consider the motion equation. For an arbitrary beam layer, this equation reads (12) where is the dimensionless amplitude and is the phase of the resonator field.Let us rewrite the motion equation in Lagrange variables , with respect to , which determines the variation of the electron phase under the action of the resonator field. Here is the wave number of a wave within the beam. Now we have instead of (12) (13) where , with , , means velocity mismatch parameter, and . It should be noted that in terms of the new variable the characteristic length of interaction reads . We take here into account that for nonrelativistic devices , and thus . Hereafter we put and . The motion equation must be completed with initial conditions. If a nonmodulated beam enters the resonator then these conditions read at (14) where is some distance, which is essentially larger than . Note that can be chosen to be infinite.
D. Model Equations
Making use of the new variables introduced and performing some transformations, we rewrite (11) into the following form:
The self-consistent set of (13)- (15) constitutes a mathematical model of the clinotron, which describes various modes of device operation. In the following sections, this model will be used to study both the start-up scenario and steady-state oscillations.
IV. CONDITIONS FOR SELF-EXCITATION OF OSCILLATIONS
The conditions for self-excitation of the clinotron oscillations can be found analytically by solving (13)- (15) 
Here is the initial amplitude of the resonator field determined by natural noise, and the functions , read
Thus for the oscillations to arise, the following condition must be met:
where means dimensionless rate of amplitude growing. The function is proportional to the power delivered (or absorbed) by the beam. It is instructive to give an alternative expression for this function, which is (19)
Here constitutes the shape function of the spatial spectrum, where amplitudes of the spectral components have been introduced as . Here means field distribution along each beam layer, which is given by (6) at the interval , and by outside this interval. This gives for the spectrum shape function (20) which is also shown in Fig. 3 . By using (20), one can easily check that the function found from (19) coincides with that from (17a). It should be emphasized that (19) can be applied to any type of resonance tube with linear electron beam, like klystron, orotron, Cherenkov FEL (see, for example, [11] and [12] ). Features of a particular tube manifest themselves through the expression for the function . An electron beam delivers its energy to the resonator field only if , which physically means that in the vicinity of , the spatial harmonics with phase velocity ( ) less than have larger amplitudes compared to those with . This condition enables one to easily determine just from the form of the function a range of varying , where self-excitation of oscillations may occur. In the case under consideration, this range as is easily seen from Fig. 3 or from (20) , is determined by the condition , which means . For comparison let us consider the conventional resonance BWO, when the beam is in parallel to the grating surface. It is easy to show that here the spectrum shape function is This function is also shown in Fig. 3 . It is seen from this function and from (19) that in this case there is a principal zone of oscillation excitation with respect to , determined by the condition . Besides, an excitation of oscillations is possible in other zones where shows positive slope. Now let us consider starting conditions for the clinotron. Taking equal to zero we find from this condition and from (17a), (18) for the starting value of the gain parameter where the norm is determined by (9) or by (10). In Fig. 4 , the starting current is shown as a function of the accelerating voltage for a set of resonator modes with varying from 15 to 41. Here the resonator parameters are the same as in Fig. 2 and , mm, and . This figure illustrates the possibility of exciting oscillations in a large range of the accelerating voltage by successive excitation of different resonator modes. This results in a wide range of electronic tuning of the frequency of oscillations (see Fig. 2 ). For a particular mode, the frequency tuning takes place around the natural frequency of the mode, and in the linear regime it is described by (16b). This tuning range can be larger or the same as the distance between the neighboring modes. Hence the frequency can be tuned continuously over a wide frequency band with relatively small variation of output power. For example, for the device with the above given parameters, the frequency can be tuned continuously from 84 to 98 GHz. The tuning curve practically coincides with the dispersion curve in Fig. 2 if the phase velocity is replaced by the initial velocity . Since the -factor of the resonator modes was not controlled in the experiments, it is difficult to give a more detailed qualitative comparison between the theoretical and experimental results for the starting conditions. Returning to (21) and (22) we note that the minimum value of as well as is obtained at (23) Since depends on the mode index and on the accelerating voltage , this condition can only be fulfilled for a single mode by an appropriate choice of the -value. If in addition the norm value equals its minimum value given by (10), then we come to the following expression for the minimum value of the starting current (24)
Thus there is a strong dependence of the starting current on the tilt angle, which is well-known from the experimental results [1] . Such dependence was also predicted in [5] .
V. STEADY-STATE OSCILLATIONS
In order to describe the fundamentals, which determine clinotron efficiency, we start from Fig. 5 , where the efficiency is shown for a single mode as a function of the velocity mismatch parameter for three values of the tilt angle 1 , 2 , and 3 . This figure illustrates characteristic features of clinotron operation in the nonlinear regime of electron-wave interaction. At first, the larger the tilt angle the smaller the values of at which the excitation of oscillations is possible. At second, excitation of oscillations at more negative values of gives a possibility to raise clinotron efficiency. It should be noted that in a practical device, a decrease of the -value corresponds to an increase of the initial velocity of the electrons. These features can easily be explained in terms of the function [see (20)]. In Fig. 5 we also plot the normalized function versus for the three values of the tilt angle. Next we make use of the following general expression for the efficiency (25) where means the electron velocity at that point where it meets the grating surface and denotes averaging over the phase . Let us estimate the values of and . The minimum possible value for is determined by the capability of a wave spectral component with to trap an essential portion of electrons from those entering the interaction space into a potential well. The process of trapping is a threshold phenomenon, and the amplitude of this spectral component must overcome a critical value [13] . From Fig. 5 , it can be observed that, because of this threshold, the maximum value is of the order of , which is the bandwidth of the spectrum . In turn, according to (20) we have . Thus we come to the following estimate for the minimum possible value of . After trapping the electrons are decelerated due to their interaction with the resonator field. Introducing the current propagation constant , we may treat the electron deceleration as a drift of the -values in the wave package toward the peak of the spectrum (see Fig. 3 ). The maximum value of is limited by the value of , which is the coordinate of the spectrum maximum, since at the Cerenkov radiation condition is not fulfilled, and such electrons cannot be decelerated any more. According to these arguments, the minimum possible value of is about . Taking into account the above given estimates and that , we obtain an expression for the maximum possible efficiency from (25) (26) Such a dependence of the maximum efficiency on the tilt angle agrees well with results of numerical simulations illustrated in Fig. 5 . Equation (26) works for -values as large as 5 or around it. At larger angles, the efficiency goes down because the characteristic interaction length, which is , becomes too short to provide complete electron bunching and deceleration.
It should be emphasized that the primary reason for the efficiency increase according to (26) is that the maximum efficiency in the nonlinear regime of electron-wave interaction is proportional to the length of the positive slope of the spectrum shape function . The amplitudes of these spectral components grow up with an increase of the beam current and of the -factor of the cavity mode. This gives the possibility to make use of spectral components with smaller -values (smaller -values in terms of Fig. 5 ) from the "left tail" of the spectrum for the electrons trapped. This means that with the beam current rising, the initial value of can also be increased, which may result in an efficiency enhancement. The dependence of the efficiency on the normalized beam current following from numerical simulations and shown in Fig. 6 is in good agreement with such a prediction. Here for each value of , an optimal value of has been chosen. It should be noted that the efficiency saturates at rather large values of compared to those in conventional BWO's. This can again be explained in terms of the spectrum shape function . In the case of the BWO, a decrease of in the principal zone of generation is limited by the value of where the sign of the derivative is changed due to the existence of additional maxima of the function (see Fig. 3 ). Whereas for the clinotron, the positive slope of this function is not limited from the side of small -values, and besides there is a relatively slow decrease of the amplitudes of spatial spectral components with decreasing .
The results of numerical simulations indicate that by increasing the tilt angle (up to 5 ), it is possible to upgrade the efficiency essentially. In practical clinotron tubes, the current value is relatively small so that the tilt angle is usually not higher than 1 , which results in an efficiency of several percent, which is far below the maximum possible values. Of course, the tilt angle itself can easily be increased. However, the problem is that this leads to a dramatic increase of the starting current with the -value increasing [see (24)], which naturally demands for a corresponding increase of the operating current . In practice, at least two problems may occur in this way. The first one is related to the effect of the space charge field, and the second problem is due to a heating of the grating by the beam and the necessity to provide certain temperature regimes to the grating. In order to study the effect of the space charge field, the collective interaction regime in the clinotron has to be considered rather than the single-electron regime. However, an estimate of the maximum possible value of the beam current density can be made just by using some general results of the theory of resonance devices with distributed interaction [12] , [14] . In accordance with these results, the space charge field has practically no impact on the efficiency if the characteristic length of the interaction space ( ) is not larger than , where means the beam plasma wavelength with the plasma frequency, and the beam current density. Taking into account that in our case and , we find that the maximum beam current density is Assuming, for example, that the beam accelerating voltage is 3 kV, GHz, and , we have A/cm . This value is by several times larger compared to that used in practical clinotrons [1] . It should be noted that the maximum beam current density rapidly grows with an increase of both the operating frequency and the tilt angle. This example shows that the space charge field imposes no serious limitations on a further increase of the current density.
To find limitations on the beam parameters, which come from the temperature regimes of the grating, the corresponding thermodynamic problem of the distribution of temperature along the grating teeth heated by the beam must be solved. This problem is considered in the next section.
VI. TEMPERATURE REGIMES
The clinotron grating serves as a beam collector, and the grating teeth receive the largest amount of heat. From this point of view, the clinotron is similar to conventional magnetrons. To estimate an amount of heat, which can effectively be removed from the grating teeth, and thus to determine the maximum density of the current which can be used, the temperature distribution along the teeth should be found. In order to write the corresponding heat transport equation, we note that the number of the grating teeth heated directly by the beam equals , and the maximum power absorbed by a tooth is equal to , provided the distribution of the current density along the beam cross section is homogeneous. Actually, the -value is smaller by a factor of ( means clinotron efficiency), but for the following estimate this difference is not essential. Assuming also that the power is homogeneously distributed along the tooth surface at , one arrives at the following equation for the temperature [15] (27) with boundary conditions at and at
Here and mean the height and width of the grating teeth, respectively, and are the beam thickness and beam width, respectively, means coefficient of thermal diffusivity of the grating material, and clinotron case temperature. Solving (27), we find the temperature distribution along a tooth As one may expect the maximum temperature is reached at the top of the grating teeth, which reads (28)
Usually the -value is chosen about two or three times less than the melting temperature of the grating material. Assuming that the maximally permitted temperature and the case temperature are given, we obtain the maximum possible value of the beam power from (28) and the maximum value of the beam current density
Let us estimate the maximum possible value of the beam current density for , mm, mm, mm, and kV mm for a grating made of copper. These parameters are typical for clinotrons operating in the 300 GHz frequency band. From (29), we have, for example, if then A/cm , and if then A/cm . These values are essentially larger compared with those used in practical clinotrons. Next it should be noted that with a decrease of the wavelength , the value of the parameters , , and are proportionally decreased. Then according to (29), we find that scales as . Thus the clinotron still has a large potential for increasing the output power by means of increase of the beam current density.
VII. CONCLUSIONS
The main results of this paper are the following. First, we have proposed a self-consistent model of the clinotron, which can be used for a detailed study of clinotron operation and optimization. Second, the model has been used to study startup scenarios, steady-state oscillations, tuning characteristics, and saturation effects. Third, the obtained results indicate that the clinotron has a large potential for further enhancement of both efficiency and output power in the millimeter and submillimeter wavelength bands.
The clinotron has been treated as a resonance device with distributed interaction, and the main regularities of the electron-wave interaction have been explained in terms of the scattering of the electron beam at a wave package. We have mainly restricted ourselves to the case of single-electron interaction. Estimates have been made on the space charge effect, and it has been shown that for the collective electron interaction regime to occur, the beam current density should be an order of magnitude larger compared to values so far used in practical clinotrons. The analysis of the temperature regime of the clinotron has shown that there is no serious limitation on a further increase of the beam current density.
